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A MIXING FLOW ON A SURFACE WITH 
NON-DEGENERATE FIXED POINTS 

JON CHAIKA AND ALEX WRIGHT 


Abstract. We construct a smooth, area preserving, mixing flow 
with finitely many non-degenerate fixed points and no saddle con¬ 
nections on a closed surface of genus 5. This resolves a problem 
that has been open for four decades. 


1. Introduction 


Motivation and main result. Flows on surfaces are a basic example 
in smooth dynamics, being in a sense the smallest smooth dynamical 
systems after circle diffeomorphisms, and have been the topic of a vast 
body of research. 

In 1972, the existence of smooth ergodic flows on all closed surfaces 
except the sphere, projective plane, and Klein bottle was established 
Blo72] . Only a few years later Katok, Sinai, and Stepin indicated 


KSS75 


the following as an open problem in their 1975 survey paper 
4.4.1]. 

“Let Tt be a smooth flow on a surface of genus p > 2 with smooth 
positive invariant measure, all of whose fixed points are non-degenerate 
saddles. Can be mixing? The distinguished results of A. V. Kocher- 
gin and A. B. Katok give a negative answer to this question in all 
probability.” 

The same question was listed by Katok and Thouvenot in the Hand¬ 
book of Dynamical Systems |KT06| Problem 6.10] and was mentioned 
by Forni in | For02 Page 4]. The purpose of this paper is to provide a 
positive answer. 


Theorem 1.1. There is a mixing, smooth, area preserving flow on a 
surface of genus 5 with finitely many fixed points, all non-degenerate, 
and no saddle connections. 


A saddle connection is a flow trajectory joining two fixed points for 
the flow. The derivative of a smooth flow is a vector field, which can be 
written locally on a surface as A{x,y)dx + B{x,y)dy. A fixed point is 
called non-degenerate if at that point the function (A, B) has non-zero 
Jacobian, i.e. if A„,By — AyB^ 0. 
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Already at the time of Katok, Sinai, and Stepin’s question, Kochergin 
had shown that mixing flows do exist on surfaces if degenerate saddles 
are allowed |Koc75| . However, the presence of degenerate saddles has 
such a drastic effect that it is reasonable to believe that the natural 
class of dynamical systems that should be grouped together is not all 
smooth area preserving flows on surfaces, but rather those with only 
hnitely many saddles, all of which are non-degenerate. 

Kochergin’s result that mixing flows exist in fact supports making a 
large distinction between degenerate and non-degenerate saddles, since 
he produced mixing flows with degenerate hxed points even on tori, 
but later went on to show that flows on tori with only non-degenerate 
hxed points are never mixing [KocOT^ . 

The intuition that the types of hows considered in our main the¬ 
orem are very unlikely to be mixing has proven correct, as Ulcigrai 
has recently established that such hows are generically not mixing 

Sch09a] . 


Ulcll , following work of Scheglov showing this in genus 2 


It is however known that these hows are generically uniquely ergodic 
Mas82 1 Vee82 and weak mixing | Ulc09 . (The notion of generic 


here is measure theoretic.) Many examples are mild mixing |KKP 


Kochergin’s mechanism for mixing. 

line segment in Under the action of 


this small horizon- 


Consider a small horizontal 
1 0 
t 1 

tal line segment will be sheared until eventually it is close to a long 
vertical line segment. Similarly, an interval transverse to a how may 
eventually get sheared so much that it becomes close to an orbit of the 
how. Kochergin’s seminal observation is that in this case, if the how 
is ergodic, one may expect equidistribution of such howed transverse 
intervals, and subsequently hope to conclude that the how is mixing. 

This idea has been used in many subsequent works, and has also 
been applied to hows on higher dimensional manifolds, such as Fayad’s 
example of a reparameterization of a linear how on that is mix- 

FayOG] . 


ing and has singular spectrum 


(We mention in passing that 


mixing is easier to obtain in dimension greater two, and indeed Fayad 
obtains mixing for a how without hxed points, because there are two 
dimensions transverse to the how which may alternately be sheared.) 


Kochergin’s technique will be the engine of mixing in Theorem 1.1 


The shearing ehects are most signihcant near the hxed points of the 
how, since trajectories that pass closer to a hxed point will get slowed 
down more than trajectories that pass farther away. This is why de¬ 
generate hxed points can help in establishing mixing; they establish an 
extreme shearing ehect. For non-degenerate hxed points, the shearing 
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effect is less extreme, and typically many passes near a fixed point are 
required to accumulate an appreciable amount of shearing. However, 
passing on different sides of a fixed point produces opposite effects, 
which are expected to cancel out. This leads to the intuition, which 
has been made rigorous with the work of Scheglov, Ulcigrai, and others, 
that area preserving flows should not be mixing. 


Suspension flows. Given a flow on a surface with hnitely many hxed 
points and no saddle connections, pick a disjoint union I of intervals 
transverse to the flow direction. (Typically one picks only one interval, 
but it will be convenient for us to use four.) Let T : J —;■ / be the hrst 
return map, and let / ; J —)■ (0, cx)] be the hrst return time function, 
so the flow is isomorphic to the vertical flow on the space 

{(a:,s) : X e 1,0 < s < /(x)}/((x,/(x)) ~ (T(x),0)). 


If the flow is measure preserving, I can be parameterized so that T is 
a multi-interval exchange transformation, i.e., a permutation of a flnite 
number of subintervals that partition I. (If there is only one interval, 
this is called an interval exchange transformation.) Since the flow is 
smooth, / is smooth away from the discontinuities of T. 

The standard model for a non-degenerate hxed point is given by 
the vector held xdy yd^- This has two incoming trajectories, and 
two outgoing trajectories. For a flow with only hnitely many non¬ 
degenerate hxed points, the hrst return map is, up to a bounded 
function with bounded derivative, equal to a function of the form 
/ = 1 — ^Cilog|x — Xj|. Since the roof function is inflnite at the 
Xj, these are the points that orbit into a hxed point. If Xj and Xj orbit 
into the same discontinuity, then Cj = Cj. More precise statements can 
be found in |Kat73 and |Koc72[ Section 3]. 

Moreover, standard arguments show that all T and / satisfying cer¬ 
tain technical conditions arise from smooth flows on surfaces with only 
finitely many non-degenerate fixed points |CF11| Section 7]. Thus, to 
prove our main theorem, we will And an appropriate T and / for which 
the suspension flow is mixing, and in the last section of this paper will 
will explain how Theorem 


1.1 follows. 


Birkhoff sums of non-integrable functions. We will see that 
the net shearing of an interval transverse to the flow is controlled by 
Birkhoff sums of /', that is, by sums of the form 


N-l 

i=0 
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Our roof function / will have f non-integrable, so the Birkhoff Ergodic 
Theorem may not be used to understand these sums. Note also that 
/ will not be of bounded variation. Katok has shown that suspen¬ 
sion flows over interval exchange transformations with roof functions 
of bounded variation are never mixing [Kat80| . 

To get enough shearing for mixing, we will require the above Birkhoff 
sums to grow faster than linearly in N, and we will need fairly precise 
control. 

The problem is that we expect a large amount of cancellation to 
occur between positive and negative terms in this Birkhoff sum. When 
T*(a;) is close to and on the right side of a singularity, /'(T*x) will 
be very negative. When T*(x) is close to and on the left side of a 
singularity, f'{T^x) will be very positive. 

The Katok-Sataev-Veech construction. In turns out that the 


following result is technically easier to prove than Theorem 1.1 


Theorem 1.2. There is a Z 2 skew product T over a rotation with the 
following properties: T has four discontinuities, xi,X 2 ,X 3 ,X 4 . There 
is a fifth point xq that is not a discontinuity, such that the suspension 
flow over T with roof function 

4 

f{x) = 1 - ^log|a; - Xi\ 

1=0 

is mixing. 


This choice of T and / do not satisfy the technical conditions to 
correspond to a smooth flow, because the roof function has one extra 
singularity that is not at a discontinuity of T. In the hnal section 
we choose a closely related but more complicated T and / to prove 
Theorem 11.11 

To 


Most of this paper is occupied with the proof of Theorem 1.2 


build T, we modify the Katok-Sataev-Veech construction for producing 
examples of minimal but non-uniquely ergodic interval exchange trans¬ 
formations Vee69, Kat73, Sat75| . Our T will in fact be uniquely er¬ 
godic, but orbits equidistribute very slowly and in a controlled manner. 

To obtain mixing, we construct T to be very well approximated by 
non-minimal Z 2 skew products of rotations, Tk, such that Tk has two 
minimal components, one of which contains an interval to the left of xo, 
and one of which contains an interval to the right of xq. Quantitative 
estimates, and highly non-generic choices of parameters such as the 
continued fraction expansion of the base rotation, allow us to show 
that this asymmetry in the minimal approximates yields appropriate 
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growth in the Birkhoff sums of /' and hence obtains sufficient shearing 
for mixing. To get this growth, we must prevent the terms in these 
sums where T*(a;) is to the right of xq from canceling with the terms 
where T^(x) is to the left of xq. This is difficult because T is uniquely 
ergodic, so all orbits equidistribute. We show that the terms where 
T\x) is in certain decreasing neighborhoods of Xq dominate these sums, 
and within these smaller and smaller neighborhoods orbits of certain 
lengths are not at all equidistributed. 

Technically speaking, our analysis makes heavy use of continued frac¬ 
tions and the Denjoy-Koksma inequality. We chose parameters so that 
the base rotation has orbits which equidistribute very quickly, but the 
two minimal components in the skew product equidistribute slowly. 


Open problems. The proof of Theorem |1.1 is built on the fact that 
there are non-minimal smooth flows with hnitely many non-degenerate 
hxed points on surfaces of genus 5 such that one minimal component 
sees only one side of a hxed point. Such hows also exist on surfaces of 
genus 3 and 4. However, there are no such hows on surfaces of genus 
2. Thus, the following seems especially interesting. 


Problem 1.3. Is there is a mixing, smooth, area preserving how on a 
surface of genus 2 with hnitely many hxed points, all non-degenerate, 
and no saddle connections? 


Another natural question is the size of the exceptional set we are 
considering. 

Problem 1.4. For hxed genus g, what is the Hausdorh dimension of 
the set of interval exchange transformations that are the hrst return 
map of a smooth area preserving how on a surface of genus g that is 
mixing, has no saddle connections, and has only hnitely many hxed 
points, all of which are non-degenerate? 


Some pointers to the literature. We have tabulated over 40 papers 
that should be mentioned in any complete history of area preserving 
hows on surfaces. We will omit many of them here. See [KocOTb] for 
a survey. 

Some early examples of hows on surfaces that are not mixing include 

K 0 I 53 L |Kat67L |Sch09bL |Koc72L |Koc76l . The hrst result on weak 


mixing of hows may perhaps be due to von Neuman vN32| FL09| . 

Novikov has suggested a link between area preserving hows on sur¬ 
faces, and solid state physics |Nov82| . Because of this connection to 
physics, area preserving hows on surfaces are often called multi-valued 
Hamiltonian hows. 
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Arnold has pointed out that flows over interval exchange transforma¬ 
tions with asymmetric logarithmic singularities arise from non-minimal 
flows on surfaces, and as a result these flows are now well studied and 

see also 


it is known that 

mixing in this context is generic 

Ulc07 

Arn91 

Koc03 

Koc04c 

Koc04a 

Koc04d 

SK92 . 


Fraczek-Lemanczyk have provided many examples of area preserv¬ 
ing flows on surfaces that are disjoint from all mixing flows, and have 
proven weak mixing for many suspension flows over rotations (FL05 


FLOS 


Kochergin has given examples of flows over rotations that mix at 
polynomial speed on rectangles |Koc04i^ . Fayad-Kanigowski have 
shown multiple mixing of many suspension flows over rotations with 
asymmetric logarithmic singularities or degenerate fixed points IFK) . 


Suspension flows over interval exchange transformations with differ¬ 
ent roof functions are also frequently studied, see for example [LemOO 


Koc02,FL04,FL06 


The organization of this paper. Most of this paper is occupied 
with the proof of Theorem 1.2[ In the final Section we explain how 


to modify our construction to yield Theorem 1.1 


Section [2] collects standard results on continued fractions and rota¬ 
tions whose use will be ubiquitous in our analysis. In Section]^ we list 
the assumptions we must place on the rotation number of the base rota¬ 
tion, and we give an explicit example of a continued fraction expansion 
satisfying these assumptions. In Section we define the skew product 
T used to prove Theorem |1.2| , and discuss its non-minimal approxi¬ 
mates Tfc. In Sections and we prove estimates on Birkhoff sums. 
In Section we prove unique ergodicity of the T used in Theorem 1.2 
and in Section we prove Theorem 1.2[ 


Big O and little o notation. Given two sequences of numbers, 
{cn} and {dn}, we write c„ = 0{dn) if there exists M G M so that 
—M\dn\ < Cn < M\dn\ for all n. We write c„ = oidn) if lim = 0. 

n^oo 


Warning. Readers should pay careful attention to the typesetting in 
subscripts, for example to distinguish and qn^+i- 
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Katok, Corinna Ulcigrai, and Amie Wilkinson for useful conversations. 
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2. Continued eractions and rotations 


Continued fractions. Fix a positive irrational real number a G M. 
Let Qn denote the n-th term in the continued fraction expansion of a, 
and let Pn/Qn denote the n-th best approximate of a. 


O — Oq 


ai 


Pn _ 

- — flo + 

Qn 


ttl -\- 


02 


O 3 + 


O 2 + 


A best approximate of a is dehned to be any rational number p/q 
such that if p\ q' are integers with 0 < g' < g, then 


p 

< 

p' 

a - 

a - 

q 


qf 


Theorem 2.1. The following hold. 

(1) Recursive formulas: 


Pn+l 

Qn+1 

Pn 

Qn 


On+lPn Pn—1) 

(^n+lQn Qn—li 


Pn-1 , ( 


gn-1 


+ 


Qn—lQn 


( 2 ) Alternating property: 


Po ^P2 ^ / P3 ^ Pi 

— < — < ■ ■ ■ < a < ■ ■ ■ < — < —. 

qo q2 qs qi 


( 3 ) Upper and lower bounds: 

1 


qkiqk 


/I PU ^ ^ 

-r < \a - 1 < -. 

qk+i) qk qkqk+1 


(4) Best approximates property: The set of best approximates of a 
is exactly equal to 


For proofs of any of these facts, see |Khi64 . In particular, see page 
36 for the upper and lower bounds. 


Rotations. Let = M/Z denote the circle, and let R : ^ 

denote rotation by a, so R{x) = x + a. We will often implicitly identify 
the circle with the interval [0,1). 

Let d denote the distance on the circle coming from the standard 
distance on M. 
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Given x E S^, define a closest return time as positive integer q such 
that if 0 < g' < g, then 

(a:)) > d{x, R‘^{x)). 

This dehnition does not depend on x. Dehne the orbit segment of 
length g of a; G 5^ to be the sequence {/2*(a;)}^~Q. 

We will say that a subset of is 5-separated if the distance between 
any two distinct points in the subset is at least 5. 


Theorem 2.2. The following hold. 

(1) Alternating property: For n odd R‘^"{x) G a; + (—1,0), and for 
n even R‘^"{x) G a; + (0, |). 

(2) Upper and lower bounds: 

- ^ -< d{x,R‘^"x) < 

Qn + gn+l dn+l 

(3) Best approximates property: The closest return times are ex¬ 
actly {qn]n=i- 

(4) Separation: Any orbit segment of length at most qn is at least 
d{x, R'^"--^x) separated. 

(5) Equidistribution: contains exactly one point of each 

interval [^, for i = 0,..., q^ - 1. 

(6) Denjoy-Koksma Inequality: For any function g : [0,1) —^ of 

bounded variation, and any x E , 


1 p 

^g{R\x))-qn / g <Var(g), 

i=0 '' 

where Var(g) is the total variation of g. 


The hrst three statements follow from the corresponding statements 
in Theorem |2.1[ Separation follows from the best approximates prop¬ 
erty. The equidistribution property follows in an elementary way from 
the bounds in Theorem 2.1, and the Denjoy-Koksma inequality follows 


from the equidistribution property. For proofs of the equidistribution 
property and Denjoy-Koksma, we highly recommend the blog post of 
Lima | Lim| (see Lemma 5 and Theorem 6), which is partially based on 
the paper by Herman |Her79 where Denjoy-Koksma was hrst proven. 


3. Picking a 

In this paper, we will require a with very special properties. Pre¬ 
cisely, we will require the existence of a subsequence of the positive 
integers such that the following assumptions on and the continued 
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fraction expansion of a hold. Let {{y)) denote the fractional part of a 
real number y, so {{y)) G [0,1). Note that by the Alternating Property, 
d{x, = {{qiOi)) if i is even, and di^x^R^^^x)) = 1 — {{qiOi)) if i is 

odd. 


Assumptions. 


(1) 

All nj. 

; are even. 


(2) 

2^k=l 

2{{qn,(y)) < min(f,l - f 

)• 

( 3 ) 

For all £ > 1, we have 1 -|- '^k= 

1 2gnfe < qni+1' 

( 4 ) 

lim +1 = cx). 

e^oo 


( 5 ) 

(Xn * 

9(loglog(g„)), and a„+i = 

o(log log(g„)) 

(6) 

^-^oo 

l^k=l 



( 7 ) 


Qi = 0(log(gn)). 


( 8 ) 

log(grxfc_i+i) = o(log(g„J). 


(9) 


2 and a„^_i = 2. 



These assumptions are in effect for the remainder of this paper. They 
are stronger than necessary; we saw no beneht in trying to pick the 
weakest sufficient assumptions. 


Remark 3.1. Assumptions!^ and allow us to £x notation. They 
have no particular dynamical significance for us. Assumption is used 
in proving unique ergodicity in Section and a few other places, where 
it guarantees that the sequence qn^. grows very rapidly. 

Assumption indicates that at time , orbits come back very close 
to themselves, and for a long time after that they almost repeat their 
paths. This will govern transfer of mass between invariant subsets of 
certain non-minimal approximates of T. Assumption [^guarantees that 
T is uniquely ergodic. 

Assumptions and reflect that the continued fraction has mostly 
small coefficients, and hence a is poorly approximated by rationals, 
so the rotation by a has especially good equidistribution properties. 
These assumptions are important in estimating Birkhoff sums. 

Assumption indicates that the times Uk are chosen so sparsely that 
orbits of length come back vastly closer to themselves than orbits 


of length qn^-i- If be used in Lemma 5.4 

Assumptions [q is used in the proofs of unique ergodicity of T and T, 
the multi-interval exchange that we use to prove Theorem 1.1[ 

To verify that the assumptions are mutually compatible, we show 
the following. 


Proposition 3.2. Define a sequence Uk recursively by 
Hi = 10 and Hk = lO^^Hk-i- 
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Define a by specifying its continued fraction expansion as follows: 

= k + 8 for all /c, and Oi = 2 if i ^ {nu + IjfceN- 
Then all the above assumptions are satisfied. 


Proof. 

( 1 ) 

( 2 ) 


We will establish the assumptions one at a time. 
Obvious. 

{{QnP 


By the upper bound in Theorem 


2.1 


.«)) < 


1 


Qnj- + 1 


By the 


second recursive formula, and the tact that all a* are at least 2, 
we see that > 2"'. Since ni = 10, 2((5'nfc«)) < The 


alternating property in Theorem 2.1 (using pi/qi and P 2 /q 2 ) 
gives that ^ < a < ^, so the result follows. 

(3) Again by the recursive formula and the fact that all Oj are at 
least 2, we have qi+k > ‘2^qi- Since > 2 for every k, we have 
in particular that gnj.+i > whence the inequality follows 
by induction. 

(4) Obvious. 

(5) Clear ii i ^ nk,nk + 1, and otherwise it follows because = 
o(log(nfc)) and qi > 2\ 

(6) Obvious. 

(7) Let i be the greatest number such that n* < n. Then there are 
i = am+i — 8 numbers k such that Uk < n. Thus by there 
are o(loglogg„) numbers k such that Uk < n. Again by 5, each 

is o(logloggn). So, the sum is at most 2u + o(loglogg„)^. 
Since n is O(loggn), we have the claim. 

(8) Since qi+k > ‘2'^qi, we have that gn^+i > so 

loggnfe+i > (^fc+i - nk) log(2) + logg„^. 

On the other hand, g^+i < (oj+i + l)gj, so we have that 

n 

log(gn) < ^log(ai + 1) = 0(u), 

i=l 


since there are 0{n) terms where log(ai + l) has size log(3), and 
at most 0(log(n)) terms where i = Ufe + 1 for some k and hence 
(oj+i + 1) has size log(A; + 9) = 0(log(n)). 

Since {uk+i — nk)/nk —)■ oo, the result follows. 

(9) Obvious. 

□ 


4. A SKEW PRODUCT OVER A ROTATION 


This section develops the Katok-Sataev-Veech construction |Vee69 


Kat73| Sat75 in a manner convenient for our purposes. 
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We now define a Z 2 = {0,1} skew product over the circle rotation R 
by angle a. Set 


J = 


0,X]2{(gn,a)) I • 


k=l 


By Assumption!^ we have that J has length less than 1. 

Dehne a skew product T to be the rotation by a skewed over the 
interval J, so 

T : 51 X Z 2 ^ 51 X Z 2 , T{x,j) = {R{x),j + Xj{R{x))). 

Here xj denotes the characteristic function of J. We will denote the 
coordinate projections as 

7151 : X Z 2 ^ S\ 71^2 : X Z 2 ^ Z 2 . 

We denote by 1 x Z 2 —)■ x Z 2 the involution i{x,j) = {x,j + 1). 

Notation. Set 

"i-i e \ 

R= 2{{qn,a)) j , 

_k=l k=l / 

SO J is the disjoint union of the Let 

~i-i i-\ \ 


J'i = 


1 ” — 


,k=l 

£-1 


k=l 


E2«‘l rik a)) + {{qn,a)), rik^)) 


.k=l 


k=l 


be the left and right halves of the interval R, so R = J'^U J". 


Ji' ./i’ -h' Ji' ./,* 

0 --------—.— ---- 1 


./ 

For any subset Y C 5^, we set 

Y = Y = 7r"i^(F). 

Moving a bit of one invariant set into another. Here we con¬ 
sider a very general construction. The notation has been chosen to 
match the situation to which the lemma will be applied. 
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Lemma 4.1. Let Ti : X ^ X be an invertible transformation with 
two invariant sets Uf and Ve = X \ Ui. Suppose there is an involution 
L : X ^ X that interchanges Ue and Vf. Let G X be l invariant, 
and let qm+i integer such that 

are disjoint. Consider the transformation T^+i on X defined by 


Tg{x) otherwise. 


Ti+i{x) = 
Then the set 


U, 


^+l 


1^1+1 ^ 

(7, u [J Ti(J',^,nv,) 

i=0 


U T‘(4 

i=0 


e.+i 


nUp 


is Tp^i invariant, as is V^+i = X \ Up+i = 


The proof of Lemma 4.1 is left to the reader, who is invited to con¬ 
vince himself or herself while looking at Figure 4.1[ 

Non-minimal approximates. Dehne Tp -. [0,1] x Z 2 —)■ [0,1] x Z 2 
to be the rotation by a skewed over the interval [0, Yl^k=i 2 ((?nj.ci )))5 so 

Tp{x,j) = + X[o,x]^^^^ 2 {{g„,«»)(^(^)))• 

Set Lo = [0,1] X {1} and Vq = [0,1] x {0}, and for each £ > 0 dehne 

(7, U y t;( j;+i n r,) 


Um = 


i=0 


1"e+i 1 

U T(j; 

i=0 


l+l 


CUp 


and Vp+i = 

We will show that Lfp and Vp are Tp invariant sets. Because Tp is not 
minimal, and is equal to T on a set of large measure, we refer to Tp as 
a non-minimal approximate to T. Our understanding of T will follow 
from a study of the Tp. Our understanding of Tp will be inductive, 
using the fact that Tp is almost the same as Tp^i but with additional 
skewing. 


Lemma 4.2. For each £ > 1 the intervals 

R"{Jp), i = 0,...,qni 

are disjoint from each other and [0, {{qn^a))) and [1 — {{qnpC^)), !)■ 
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UiJ^i is shaded. 


Recall J[ = [EL\2((gnfca)),ELi2((gn,a)) + {{qn,a)))- 

Proof. Since {{qneOi)))) when Nq = the inter¬ 

vals in question are 

R^([0, {{qnf.a))), N = and At = 0 and N = Nq, ..., Nq + q^^. 

Thus the intervals in question are contained in the Atg -|-2g„^ -|-1 orbit 
of an interval of length {{qn^a)). By Assumption|^ No+2qni,+l < q^+i, 
so the separation property gives that these intervals are disjoint. □ 


Lemma 4.3. Ui and Vi are Ti invariant, and Vi = l{Ui). 


Proof. This is proven inductively using Lemma 4T, where the notation 
has been chosen to indicate how the result should now be applied. 
T^+i is obtained from Ti by additionally skewing over U 

This additional skewing amounts to applying l every time 
the orbit lands in U Thus the dehnition of T^+i as a 
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skew product coincides with the inductive dehnition of T^+i provided 
in Lemma [4.1[ 


The disjointness condition in Lemma 4T has been verihed in the 
previous lemma. □ 

Theorem 4.4. For each integer i > 1, there are sets Ui, Vi whose dis¬ 
joint union is x Z 2 such that L{Uf) = Vi and the following properties 
hold. 

(1) Ui contains 

[0, ((g„^a))) X {0} and [1 - ((gn^a)), 1) x {!}. 

(2) There is a subinterval J'^ of of length ((gn^a)) such that 

7rs.(U,\U,W = 0':JpRV',). 

Remark 4.5. In can be shown (using (1) and (2) and Theorem |2.2[ ) that 
U(, contains most of [0, {{qnt_^a))). This is morally important in the 


proof of Claim (3) of Theorem 6.1 


Proof of Theorem The first part of the first claim is true by in¬ 
duction. The base case is £ = 1. The inductive step follows from 
the dehnition of as well as the disjointness of from 


[0, {{qn^a))) and [1 - ((gn^a)), 1) in Lemma [T2 
The second claim is by the dehnition of Ue. 


□ 


5. Birkhoff sums for the rotation R 


In this section we consider the Birkhoh sums of the function g{x) = ^ 
over the rotation R. This is used in the next section to provide the 
shearing estimates. 

Results on Birkhoh sums over rotations have previously been used to 
prove mixing in a slightly diherent setting (asymmetric singularities), 
see for example KocOS, SK92| . 

Lemma 5.1. For each positive integer N, there are unique integers bn 
such that 

k 

^ ^ ^ bnQnj 


n=l 


and such that 0 < bn < a^+i and Qn > biQi for each n. 

Such an expression is called the Ostrowski expansion of N |Ost22| . 


Proof. Pick k such that g^+i > N > qk, and let bk be the unique 
integer such that 0 < iV — bkqk < qk- By the second recursive formula 


in Theorem 2.1 


N — Ok+iqk < Qk+i — Ok+iqk — Qk-i- 
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So we get that bk < a^+i. Replacing N with N — hkQk and iterating this 
procedure gives the Ostrowski expansion for N. □ 

Proposition 5.2. Let g : (1, 0] —)■ [0, cx)) be a monotone decreasing 
function. Let 

Qn{x) = max qiR'ix)). 

Let qk+i > N > qk, and let 1 < Cn < ‘^qk+i- Then, without any 
assumptions on a, 


N-l 1 

g{TTx) = gM{x) + ^ J 


Proof. Since N < qk+i, each orbit segment of length N is {{qka)) > 
2 ^^ separated. Thus, 


-9n{x) + Y9{R' 


is within 0(9 (^)) 




Indeed, if gN^x) > 2qk+i they are equal and otherwise the claim is 
immediate by monotonicity. 

Now, note that by separation and monotonicity, 

N-l LUivJ . . s 

Y9{R'x)x^^j^\{R'x) < Y9{^^)- 

i=o [29fe+i’29fc+iy V yfc+i/ 

Now, consider the Ostrowski expansion N = Yln=i ^riQn-, and consider 
an orbit segment of length iV to be a suite of bn orbit segments of 
length qn- Applying Denjoy-Koksma individually to these 'Yn=i 
orbit segments, we get 

N—l / f \ \ 

S ^ 4r ®S “■ j ■ 

Here we have used the estimate X]n=i < Yi =2 which is immediate 
from the dehnition of the Ostrowski expansion. □ 



16 


CHAIKA AND WRIGHT 


Corollary 5.3. With the assumptions in this paper on a, if g{x) = 
l/x, then for all N 

N-l 

g{R"x) = gN{x) + N log(iV) + o{N log(log(iV))^) 

i=0 

and 

N-l 

Yg\R"^) = g'nix) + O {{N \og\og{N)f) . 

i=0 


Proof. Choose k such that Qk ^ N < Qk+i- Let 0 < Cat < Qk+i be a 
constant, and let us address the different quantities appearing in the 
proposition above. 

Recall Assumption]^ which gives that qk+i/N = o(loglog(A^)), and 
note 

[g = log(^) + log(<?fc+i/A^) + log(2) - log(C7v) 

J -£n— 

2^fc+l 

= log(Ar) - log(CAr) + log(o(loglog(A^))). 

Next, note that the same bound for qk+i/N gives 


[C'ivJ 


2=1 



[CatJ ^ 

25'fc+i Yl ~ 

2=1 

2qk+i log(C'Ar) + 0{qk+i) 
o(log log(A^) log Cn)- 


Finally, note that Assumption 0 gives that YYYi = 0(log(A^)), 


and hence 




( iviosMiV) i^g(^)) 


Now setting Cn = log(A^) and using the previous proposition gives 
the result. 

The second bound is similar. □ 


Lemma 5.4. Set g{x) = l/x. For all N > qn^., 


N-l 


Y giR'x)xi{{q„^_,a)),i){R"x) = o{N\og{N)) 


i=0 
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and 


N-l 


Y,a'{R‘nxm.,_,a)M{R‘x) = o(n^). 

i=0 


Proof. Let N = Ylt=i ^nQn be the Ostrowski expansion of N. As in 
the previous proof, using Assumption 0 we get bn = 0{\og{N)). 

Using Denjoy-Koksma, we get 

J29{R"x)x[{{qr.,_,a)),i){R'x) = O (^-N\og{{qn,_,a)) + 

= 0{N log(g„,_,+i) + log(Ar)g„,_,+i) . 

Assumption]^ which gives log(q'nj,_j+i) = o{log{N)), gives the result. 
Similarly, to prove the second estimate it suffices to note 


A-l 

9'iR'x)Xl{{qn,_,a)),l){R"x) 

1=0 


n ( ^ , log(A^) ^ 

o (^Nqn,_,+i + log(Ar)g2^_^^^j 

0{N^). 


Lemma 5.5. Set g{x) = 1/x. Let S be an orbit of length qn^ of an 
interval of length {(gn^a)). Assume S is disjoint from [0, {{qn^a))). Let 
X be any point disjoint from Then for all N > q^^ 

A-l 

Y,9{R^x)Xs{R'x) = o{N\og{N)) 


Y,9\R^x)xs{R^x) = o(iV2log(iV)i). 

i=0 

The implied eonstant does not depend on i. 


Proof. Denjoy-Koksma gives that the sum of 

9{x)X[{{qn^ct)),1) (x) 

over an orbit of length is at most 

0(qne logqn^+i + qn^+i) = 0{qne \ogqni+i) = 0{qnt logg^J. 

Note that, by the separation property, each orbit of length > 

o^nt+iQne can make at most one pass through S. A point x as in the 
lemma stays outside of S for time at least ^/aTffTqno then makes a pass 
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through S, then stays outside of S for time at least (actually much more 
than) then makes a pass through S', etc. Therefore, if the 

orbit makes m — 1 full passes through S', plus possibly a hnal partial 
pass through, then the hrst sum in the lemma statement is at most 

mO{qnt loggnj, 

while N is at least 

Ctn£-\-lQ ni- 

So N log N is at least 

(Xyii+iq n£ log(g ni): 

whence the result follows by Assumption 

Similarly, Denjoy-Koksma gives that the sum of 

over an orbit of length is at most 

0{qniqni+l + 9nt+l) ~ 0{^ni+l9rn)- 

As before, if the orbit makes m — 1 full passes through S', plus possibly 
a hnal partial pass though, then the sum is at most 

while N is at least 
So A^^(logA^)^ is at least 

log(g„jT 

whence the result follows by Assumption □ 

6. Birkhoff sums for the skew product T 

We now dehne a function / : S^ x Z 2 —)■ M, which will serve as 
the roof function for a suspension how over T. Recall that d denotes 
distance on the circle S^. Also note that 

T{x,i) = iR{x),j + xjiR{x))) 

has discontinuities at x = and x = J|). We will dehne / 

to have logarithmic singularities over these discontinuities, as well as 
an additional logarithmic singularity over 0. 

f{x,j) = l + |log(d(x,R“^(0)))| 

+ |log(d(x,R"^(|J|)))| 

+ ■ |log(d(a;,0))| 
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Let A denote Lebesgue probably measure on x 2,2. 

Theorem 6.1. For all large enough M there exists G{M) C x Z 2 
sueh that the following hold. 

(1) G{M) is the disjoint union of intervals of length at least 


(2) \{G{M)) 1. 

(3) IfNe [f ,2M] andpe G{M) then 

N-l 

f\Tp) = ±iVlog(iV) + o(iV logiV). 


M^log(M) ■ 


i=0 

\M 


(4) If N E 2M] and p E G{M) then 


N-l 




i=0 


= o((log(iV))3iV^). 


- ^ — T- of the singularities of f. Define the “bad 

M(logM)T2 


(5) If k < 2M and p E G{M) then 

fc+5^1og(M) 

E |/'(r»|=o(Myiog(M)). 

i=k 

(6) T'^ is continuous on each interval of G{M) for all 0 < i < 
2M + 5A/log(M). 

The most important conditions are the hrst three. In the third, it is 
implicit that the sign is constant on each interval in G{M). 

Proof. Pick i such that < ^ < gn<.+i- Let Qm C be the points 
within distance 

set” in to be 

2M+5^1og(AL) 

U r-\Qm) 

i=0 

2M+5yf\og{M) 

U 

i=0 

U 

Set B{M) = Bsi{M) x Z 2 . The complement of the bad set B{MY is 
a union of disjoint intervals. We dehne the good set G{M) to be the 
union of all those intervals in BiMY of length at least - Y 

^ ^ M^log(M) 


BsAM) = 


U 


u 
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Remark 6.2. The three terms in the dehnition of Bs^{M) reflect the 
three things that can go wrong in our arguments. The first is that an 
orbit can come too close to a singularity. The second is that an orbit 
can fail to stay in one of or Vf+i- The third is that an orbit can 
switch too soon between Ui and V^. Switching between and 14 is 
undesirable but unavoidable, and this last term mitigates this problem. 


Claims (1) and (2): Recall that is an interval of size 


2((g„,a)) < Y 


fc=£+l 




-<- 


by the exponential growth of the for example by Assumption]^ 
Since ^ < qnt+i, Assumption Ogives that —-— = o(l/M). Hence 


the measure of the second union in Bs^{M) goes to zero. 

The third union has size at most three times 

■\/ Ojrn+iqn( ni g 

O'n^+lQni T Qn^ — l 

by Assumption 

The hrst union obviously has size o{M), so in total we see that B{MY 
has measure 1 — o(l/M). Note also that B{M) is the disjoint union 
of 0{M) intervals. It remains only to show that the subset covered by 


intervals of length at least 


M^log(M) 

true since the complement has measure at most O 


has measure going to 1. This is 


M 


.1 


= 0 ( 1 ) 


The 


M^log(M) J 

(the total number of such intervals, times max length). 

Claim (3): Let g{x) = l/((x)), so for example (?(—0.1) = y. 
difference between f'{x,j) and 

(7(-a: + R-i(0)))-^(x-R-'(0)) 

+g{-x + R“^(| J|)) - g{x - R"^(| J|)) 

+X{i}(j)f/(1 -x)- X{i}{j)g{x) 

is a bounded function, whose hrst and second derivatives are bounded. 
Since the derivatives of the difference is bounded, the Birkhoff sums 
are 0{N), and so it suffices to prove claims (3), (4) and (5) for this 
function. If a: G G{M), Corollary 5.3 gives that the Birkhoff sums of 
the function 


g{-x + R {0))-g{x-R (0)) + 


g(-x + R-Y\J\))-gix-R-Y\J\)) 
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and its derivative are sufficiently small that they may be ignored. In¬ 
deed, the consecutive terms have that the N log(iV) terms appear with 
opposite signs and by our assumption on the set G{M) the other terms 
are o(A^ log(iV)). 

So it remains to consider Birkhoff sums of 


X{i}U)9{-x) - X{i}U)9{x). 


If p - 

Ui+i 


= {x,j) £ G{M), then the orbit of p of length 2M stays in either 
or 14 + 1 . By Lemma 5.4 it suffices to study Birkhoff sums of 


Suppose p E Vi- Recall that Theorem |4.4| asserts that Vi contains all 
of [0, {{qrno))) X {!}, and all of [0, {{qrn_^(y))) x {1} except a set S that 
is the orbit of length of an interval o f size {{qneC^))- Hence 

Bsi{M) D by Lemma 


because 


5.5 


and Corollary 


5.3 


N-l 


2^Xmqn,_,a)))x{l}9{T'p) = -N\og{N) +o{N\ogN). 


i=0 


Similarly one obtains, 


N-l 


= o{N log N) 


i=0 


as follows. Vi is disjoint from [1 — {{qnf_j^a)), 1) x {1} except an orbit of 


length qng of an interval of size ((q'n^a)). Furthermore, by Lemma 4.2 


this orbit of length of an interval of size ((g„^a)) is disjoint from 
[1 — 1) X {!}. So by a corresponding version of Lemma 5.5 for 

the function g{x) = the estimate follows. This gives Claim (3) for 
p E Vi- The case p E Ui is similar. 

Claim (4): The proof of claim (4) is very similar to that of claim (3). 
Claim (5): It suffices to bound the Birkhoff sums of 
g{-x + R-\0))) - g{x - R-\0)) 

+ 9i^-x)-gix) 


which is strictly larger than |/|. Thus Corollary 5.3 gives the bound, 
since the closest hit term contributes at most M (log M) 12 . 


Claim (6): This follows because B{M) contains all points that orbit 
into a discontinuity in 2M + 5^yiog(M) iterates of T. □ 
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7. Unique ergodicity 
Proposition 7.1. T is uniquely ergodic. 


It is likely that this theorem can be derived from work of Trevino 
Trel4, Theorem 3]. (To do this one wonld hnd a flat snrface u where 
T arises as a hrst return map of the vertical flow. One would then 
determine the systoles of gtOJ-) We apply a different approach. 


Dehne 


IJ R\4)xZ,. 

i=0 


By Assumption 


11/0 ^ 1 
+ ?nfc-2) < Qrn.-1 < 

If p G Sk, then p is either in Uk O 14 -1 or 14 O and by the last 


inequality and Theorem 4.4 part 2, the orbit of p for time at least qn^.-i 
remains either exclusively in Uk O 14-i or exclusively in 14 O Uk-i- 
Recall that the length of J(, is 


((gn,a)) > 


> 




By Assumption and the inequality above, this gives that the sum of 
the measures of the Sk is inhnite. 

Let A 51 denote Lebesgue measure on S^. 


Lemma 7.2. There exists 4 > 0 such that if L ^ k 

x{SknSL)>cx{Sk)X{SL). 

Proof. Without loss of generality, we assume L > k. By dehnition, 
the projection of Sk to S^ is an orbit of length Qn^-i of an interval of 
size {{qn^a)), and the projection of Sl is an orbit of length qn^-i of an 
interval of size {{qn^a)). 

Thus it suffices to show that there is some 4 > 0 such that if 4 is 
an interval of size ((gn^a)), then for any x, 

XiAR\x)) > 4g„^_iA5i(4). 

i=0 

The desired result then follows by summing as 4 ranges over the in¬ 
tervals of 4 , and integrating x over an interval of size {{qn^ot)). 
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We now prove the sufficient condition. By Denjoy-Koksma, the sum 
is within 2 of qn^-iXs^ih)- Observing 

2 ^ ^ 1 

qn^-iXsi{Ik) ~ qnL-i{{qn^a)) 

Qn^-l 

> 1 - _i. 1 

^rik+1 

gives the result. In the last line, we used L > k, qn^-i > ^qn^ and 
Assumption □ 

Proposition 7.3. To prove that T is uniquely ergodic, it suffices to 
show for X almost every x we have that (x, i) is in Sk for infinitely 
many k. 

This will be proved by showing that ergodic measures are absolutely 
continuous with respect to Lebesgue and points that are in inhnitely 
many Sk cannot be generic for an ergodic measure unless the ergodic 
measure is Lebesgue. 

Lemma 7.4. IfT is not uniquely ergodic then there exist exactly two 
ergodic probability measures /r, z/ with /i = iffi), and X = qt + n, and 
both fi and v are absolutely continuous with respect to Lebesgue. 

Proof. Suppose z/ is an ergodic measure that is not Lebesgue. Since l 
commutes with T, qi = iffi) must also be ergodic. If /i = z/, then /i is 
i invariant and hence must be Lebesgue, since R is uniquely ergodic. 
Since R is uniquely ergodic, n and qi both project to Lebesgue. 

Since /i + z/ is z, invariant and R is uniquely ergodic, A = /i + z/. Hence 
qi and n are absolutely continuous with respect to Lebesgue. 

If T had a third ergodic measure /i', then /i' = iiy') would also be 
ergodic, and we’d have /i' + z/' = /i + z/. This contradicts uniqueness of 
ergodic decompositions. □ 

Lemma 7.5. Uk is the union of o{qn^^.f) disjoint intervals. 

Proof. By the inductive dehnition of Uk, it is clear that Uk is the union 
of at most O disjoint intervals. Thus it suffices to show that 

Yli=iQni is o(5'nfe+i)- To do so, note the following crude estimate. 


Qrik+i ^ Qrik+l ^ ^nk+lQrik- 
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Note also that by Assumption 

k k—\ 


^ ^ Q-rij Qrik A ^ ^ Qrij < 


2=1 2=1 
Thus Assumption 1^ gives the result. 

Lemma 7.6. Let A <Z x 7^2 be any measurable set. For 

-1 

— T XA{TU^,j))-HAnUt) 

The same result is true with Uk replaced by 14. 


lim A 

fc^OO 


{x,j) e U, 


k • 


□ 

any e > 0, 



Note that Tk appears in the statement, not T. 


Proof. It suffices to show this statement for A an interval, since A can 
be approximated by a union of intervals. 

Let Ak be the projection of A fl 17^ to S^. Since Uk is Tk invariant 
and projects bijectively to S^, the lemma is equivalent to 


lim A 

k^oo 


xeS 


1 • 


1 

Qrik 


—1 

E XA,mx))-HA,) 


i=0 



0 . 


Note that since the measure of the symmetric difference of Uk and 
Uk-i goes to zero, the measure of the symmetric difference of Ak and 
Ak-i must also go to zero. 

Thus \xAk ~ XAfe.il has norm going to zero, so the set of points 
where the Birkhoff sums for xa^ and XAk-i at time differ by more 
than e/2 goes to zero (simply because a function with small norm 
can’t be big very often: A({x : f{x) > C}) < Hence, it suffices 

to show the equivalent result with Ak replaced by Ak-i and e replaced 
by e/2. 

By the previous lemma, the set A fl Uk-i is a disjoint union of o{qn^) 
disjoint intervals, and hence Xa^-i has total variation o{qn^). The state¬ 
ment is now implied by Denjoy-Koksma for the function Xa^-^- ^ 


The proof of Proposition |7.3| will consist of two main steps. The hrst 
is to show that if p is an ergodic measure other than A it is without 
loss of generality the weak-* limit of uniform measure on the Uk. The 
second step is to show that if {x, i) is in Sk for inhnitely many k it can 
not be a generic point for p. 


Proof of Proposition 7_5 Assume that A is not uniquely ergodic. Then 
Lemma 7.4|gives two ergodic measures pi and v. Let A be a T invariant 
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set such that n^A) = 1 and v^A) = 0. Let e > 0 be arbitrary. By the 
previous lemma, we can hud a fco such that for all k > ko we have 


A { {x,j) E Uk : 




— \'VUL,j))-A(/lnf/»; 


> e 


< e. 


Using a measure estimate as in the proof of Claim 1 of Theorem 6.1 
we see that, possibly after increasing ko, we may assume that for all 
k > ko, 

i) : Tl{x,j) = T\x,j) for all 0 < i < g„J) > 1 - e. 
Because A is T invariant we have that for all r 

r—1 


J2xa(T'(x,3)) 


i=0 

is almost everywhere either 0 or 1. Keeping in mind that since A = fi+u 
we have A (A) = 1, it follows from the previous lemma that for all k > ko 
we have 

X{Uk n A) > 1 — 2e and A(14 A A) < 2e 
or 

X{Uk n y4) < 2e and A(14 fl A) > 1 — 2e. 

Since lim X{Uk-iAUk) = 0 the property that X{Uk fl A) is almost 0 

k^oo 

or almost 1 is eventually constant (in k). Without loss of generality, 
suppose X{Uk A A) > 1 — 2e for all large enough k. Since this is true 
for all e > 0, and since /i projects to Lebesgue, it follows that fi is the 
weak-* limit of uniform measure on the Uk- 

Let p = {x, i) be a point that is p generic and that is contained in 
inhnitely many Si- Thus there are inhnitely many times ^ for which 
the orbit of p is disjoint from Ug for time qnt+i-i- (As we remarked at 
the beginning of this section, this is the case when p E Si+i AV^A f4+i. 
Note the “index shift” by one: to get disjointness from Ui for a long 
time, we use points in S^+i. ) 

By the existence of a density point for the set A, there must be some 
interval I E Si x 1x2 such that /i(J) > 0.99A(/). Hence for large k, 14 
contains at most 0.1 of the A measure of I. The projection of 14 fl / to 
thus has measure at most 0.1A(/), and consists of o(q'nfc+i) intervals 


(Lemma 7.5). Now assume the orbit segment of length of of 

{x,i) is disjoint from Uk- Because ^^*,+ 1-1 > ^Qn^+i by Denjoy-Koksma, 
the orbit of x up to time g^fe+i-i spends at most 0.2A(/) of its time in 
the projection of / to S*!. 
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Hence 


lim inf— 

TV —>00 N 


N-1 

Y, x'iT'p) < ■'2m, 

i=0 


since XiiT^p) is bounded by a Birkhoff sum of the characteristic 

function of the projection of / fl to S^. 

Thus for p, the liminf of the Birkhoff sums of xi is at most 0.2A(J), 
which is a contradiction to Birkhoff’s ergodic theorem, and the facts 
that p is p generic and p(/) > 0.99A(/). □ 


Proof of Proposition 7.1 
ward result. 


We first prove a well known and straightfor- 


Claim: Let Ai be measurable subsets of a space with a measure A of 
total mass 1. If there exists C > 0 such that A(HjnHj) > CX{Ai)X{Aj) 

and = 00 , then A ( fl U ) > 0. 

\n=li=n / 

Proof of Claim: Let Bn,m = Afij^Ai. If ^ ^ then for 

any j ^ [N, M] we have that 

^ 1 

A(Al,- \ B^^m) > X{A^) - Y, CX{A^)X{A,) > -X{A^). 

i=M 


Because X]-^(^*) = OO; ''^0 have A(i? 7 v,oo) > for all N. Because 

00 00 

we are in a hnite measure space it follows that fl U has positive 

n=l i=n 

measure, which proves the claim. 


Now we complete the proof of the proposition. By Lemma 7.2 


have A 


we 


n U S'j) > 0. Thus the set of points in inhnitely many Sk 

n=l i=n 


has positive Lebesgue measure. Note (x, i) G Sk depends only on x and 
being in infinitely many Si is almost everywhere R invariant. This is 
because the difference between Si and T(S'j) is at most two intervals of 

00 00 / 00 00 \ 

size {{qr^oq), so the difference between fl U S'* and Tin U S'*) has 

size bounded by for all i and hence must be measure 

zero. 

So by the ergodicity of R almost every point is in infinitely many 

□ 


8. Mixing of the suspension flow 


The purpose of this section is to prove Theorem by proving that 
the flow over T with roof function / is mixing. This section shows 
that if T is a multi-interval exchange transformation that is ergodic 
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with respect to Lebesgue measure, and / is an integrable function with 


f{x) > 1 for all X, and such that / and T satisfy Theorem 6.1, then the 
suspension flow over T with roof function / is mixing. The fact that 


estimates like Theorem 6.1 are sufficient for mixing is standard, see for 


example the sufficient condition for mixing in |Koc03, Theorem 2.1]. 


Lemma 8.1. There is a set I{M) of disjoint subintervals of G{M) 


such that each interval has size between 
consists entirely of points p for which 


and 


M^log{M) M^log(M) ’ 


and 


3 

4 


MC < 


M-l . 

f(np) £ 


where C = J f, and such that the union of the intervals of I{M) has 
measure going to 1. 


Proof. Since G{M) is the disjoint union of intervals of length at least 
Miog{M) ’ divided into disjoint intervals of length between 

- / and -Let In(M) be the set of these disioint inter- 

M^log(M) M^log(M) uv / 

vals. 

By the Birkhoff Ergodic Theorem, the set of points p for which 
A 

-MG < /(T» < -MG 

i=0 


has measure going to 1. Let I{M) be the set of intervals in Io{M) that 
contain such a point p. 

The Mean Value Theorem and Theorem 6.1 part (3) give that if 
p satishes the above bound, then all points within distance 


My/\og{M) 

of p satisfy the weaker bound in the lemma statement for M large 
enough. □ 


We now wish to study the curve where / is a fixed interval 

in I{M). To this end, if p E I, let N{p) denote the unique integer such 
that 

Nip)-1 Nip) 

V f(T'p}<CM <Y),f(T'p). 

i=0 ^=0 

So N{p) is the number of times F^{p) returns to the base up to time 
t = GM, counting t = 0. 

We recall that by dehnition, in suspension flows vertical segments 
are orbit segments of the flow. 
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Lemma 8.2. For M large enough, for every interval I G I{M) the 
graph of 

N(p)-1 

i=0 

lies within o(l) of a vertical line segment of length between ^J\og{M)/A 
and 5'\/log(M). Moreover, this is true in a parametrized sense: the 
graph is piecewise with slope within o{M ^log(M)) of a constant at 
every point. 


Proof. The previous lemma gives that 

Nip)-1 Nip) 

-CN(p)< ^ f(T‘p)<'^f(rp)<-C(N(p) + l), 

i=0 i=0 

so |M — 1 < N{p) < |M for all p G /. We will only use the weaker 
bounds < N{p) < 2M. 

The vertical length of F^^{I) is 


.N{p)-l 

f'(.T‘p)dp, 

i=0 


which, using Theorem 6.1 and N{p) < 2M, has size at most 

2M 


Yf'(rp)dp 


i=0 


< 2 


2Mlog(2M) + o(2Mlog(M)) 




< 5^/log{M) 


for M sufficiently large. 
Similarly, 


.N(p)-l 

Y }'(rp)dp 

i=0 


^ \M\og{\M) + o{M\og{M)) ^ y/b^ 
M^log(M) 4 


for M sufficiently large. 

Now, since F^^{I) has length at most 5y/log(M), and the roof 
function / is always at least 1, it follows that F^^{I) can hit the base 
at most b^J\og{M) times. That is, if p and p' are any two points in /, 
then \N{p) — iV(p')| < 5^/\og(M). 
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Now let N = N{p) for any point p & I, and let p' G / be another 
point. Define 

N{p)-1 


s = 


i=0 


By Theorem 6.1 part (3) we have s = ±N\og{N) + o(iVlogiV). By 
Theorem 6.1 part (4) and the Mean Valne Theorem we have that 


V(p)-1 

s- Y1 z'uV) 

i=0 


<o{{log{N))3 2N) 


and by Theorem 6.1 part (5) we have 

N{p')-l N(p)-1 


i=0 


i=0 


= o{N^J\og{N)). 


We get that the given graph is piecewise with slope within o(M \J\og{M)) 
of s at every point. This completes the proof. □ 


Let A denote 2 dimensional Lebesgne probability measnre on the 
snspension of T by /. Let i? be a rectangle, by which we mean a 
rectangle contained strictly nnder the graph of /. Say that a point p 
is (L, e, R) good if every vertical line V throngh p of length at least L 
has 

\mv{V n R) - K{R)\ < e, 

where mv is the 1 dimensional Lebesgne probability measnre on V. 


Lemma 8.3. For fixed e and R, the set of points that are (L, e, R) good 
has measure going to 1 as L ^ oo. 


Proof. This follows from ergodicity of the flow. □ 

Lemma 8.4. Let R and R! he two rectangles. Then 

lim k{R n F\R')) A{R)A{R'). 

>-00 

Proof. Let e > 0 be arbitrarily small and in particular much smaller 
than the height and width of R. Let Rg be the set of points in R that 
have distance at least e/50 to the boundary of i?, and let be an e/50 
neighbourhood of R. (“s” and “6” stand for “smaller” and “bigger”.) 

Let H denote the p-coordinate of the top edge of R!. Dehne Dl to 
be the set of points p such that all F^{p) with 0 < h < Ff are both 
{L, e/100, Rg) and {L, e/100, Rb) good. Pick L large enough such that 
Dl has A-measure at least 1 — e/100. 

Let Mq be large enough so that 
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for all M > Mq we have A/lo g(M)/4 > ma.x{L, H), 

the o(l) error in Lemma 8.2 is less than e/100, 

the union of the intervals in I{M) has A-measure at least 1 — 

e/100, 

the error in Theorem 6.1 parts (3) and (5) are less than e/1000, 
2if/(MoVlogMo) < e/1000 


Claim. If f > IOCMq, M = [^J, / G I{M) and there exists x G / 
such that F^x G Di, then for any 0 < h < H we have 


XR{F^^^y)dy - A{R) 


m 


< e/10. 


Proof of claim. Let Vq be the vertical line produced by Lemma 8.2 


through F^^x that approximates F^^{I) to within e/100, and the 
Mean Value Theorem, the vertical line V = {Vq) approximates 

pCM+h+{t-CM)^j-^ e/50, and observe 


mv{Rs n V) < jXRiF^^^x)dx < mv{Rb n V). 

The claim follows since F^x G Dl. 

Now, given p G R\ let Xp denote its x-coordinate, and let yp denote 
its ^/-coordinate. Let t > lOCMo and let M = [|^J. Set 

Pt = F~^{Dl) n {p : Xp G J for some J G I{M)}. 


For p G Pt, let Juip) be the interval J G I{M) containing Xp. 
We consider 


A{Rr\F\R')) 


f ' 

Jp&PtnR' 


Fm(p) 


Xr{F^^^^ {x))dxdp 


E 


where the error E is at most the size of P/fli?' plus 2FI/{M^J\og{M)). 
The second part of the error term comes from when Jm{p) is not en¬ 
tirely contained in in the projection of R' to the base. In particular, 
the error E is at most e/10. 

Noting that 0 < Pp < H and applying Fubini and the above claim 
for the inner integral gives the result. □ 


Since it is enough to prove mixing for rectangles, this proves Theorem 

oi 
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9. A MIXING FLOW ON A SURFACE WITH NON-DEGENERATED 

EIXED POINTS 

Define Xoc = a - and Xk = a - Yl^=i{{qni-ia)). We 

now define another lET 

T X Z2 X Z2 — y X Z2 X Z2 


by 

T{x,i,j) = {R{x),i + xj{R{x)),j + Xj+xAR{x)))- 

The key observation about T is that its restriction to the first and 
second coordinates is T, and its restriction to the first and third coor¬ 
dinates is a “translat e” of T by x^o- Our choice of x^o was motivated by 
the proof of Theorem 9.5 below, which gives that T is uniquely ergodic. 
Observe that Assumption implies that the intervals J and x^o + J 
are disjoint. 

Define the roof function 


= l + \\og{d{Rx,0))\ + \\og{d{Rx,\J\)\ 

+ I log((i(Ax,a;oo))| + | \og{d{Rx, \J\ a:oo))| 

+ X{i}(j)|log(d(Ax,0))|. 

The hrst two lines put logarithmic singularities of equal weight (co¬ 
efficient) over all discontinuities of T, and the third line introduces 
additional weight to the singularity over one pair of the discontinuities. 
The purpose of this section is to show 


Theorem 9.1. The flow over T with roof function f is mixing. 


At the end of this section, we will use this to conclude Theorem 1.1 


Non-minimal approximates. Define 


Dehne the following subsets of 5^ x Z 2 x Z 2 , 

Ul = {{x,i,j) : {x,i) e Uk}, = {{xf,j) : {xf) e I 4 }, 

Uk = {(xfj) : (xj) e Uk + x^}, = {{xfj) : (xj) G Vk + x^}. 

A corollary of Lemma |4.3| is the following. 

Corollary 9.2. The above four sets are all Tk invariant. 

Note that all of the sets 

ulnul ulf^vl v^nul 
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are invariant and project bijectively to S^. Since R is minimal, we 
see that each of these four sets is minimal. Since x Z 2 x Z 2 is the 
disjoint union of these four sets, the minimal components of are 
exactly these four sets. 

Before we continue, we note some estimates. 

Lemma 9.3. The following hold. 

(1) {{qnt-ia)) > 4((g„,a)). 

(2) d{xe,x^) < l{{qn,a)). 

(3) If N = 1 + then < N < q^^- 

Proof. The hrst claim follows from Theorem |2.2[ since 

1 4 

{{qne-ia)) > 7^> - - > mqn.a)), 

Qn£-\-l 

where we have used that, given our assumptions, qm+i > ^qni- 
The second claim follows from the fact that 


d{Xi,Xoo) = 


00 


^ 2|((g„,_ia))| 

k=e+i 


< 


00 


k=e+i 


4 1,, 

< --< K((?n,a)) 

yn^+1 ^ 


and the exponential growth of the qj (compare to the start of proof of 
Theorem 6.1). 


The upper bound in the third claim follows by noting that Assump¬ 
tion!^ gives N < qni_^ + qni-i- The lower bound is obtained by noting 
N > qni-i and q^ < (a„^ -|- and then using Assumption!^ □ 


Unique ergodicity. Before proving unique ergodicity we need the fol¬ 
lowing lemma. Recall = Y.^kA 2((<?«;,«)), + {{qn^Oi)) 

Lemma 9.4. For each £ > 0 the intervals 

R (tqo T '4^), i 0) • • •) qn£ 

are disjoint from each other and [0, |((q'n^a))) and [1 — ((g„^a)), 1). 
For large enough i, ^s disjoint from Xoo + J't 


Proof. Compare to the proof of Lemma 4.2 We will use Lemma 9.3 
several times. 

Set N = I + YI=i Qrii-i and Nq = 2 Y^k=i Qrn.- Note that the intervals 


R"{xi + Jf), i = 0,...,qn£ 
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and [0, {{qn^a))) and [1 — 1) are contained in an orbit of length 

Nq + N + 2qn^ of an interval of size {{qrnOt)). 

By Assnniption|^ Nq < qn^, so No + N+2qn^ < Agn/.. By Assnmption 
we have < am+igm < Qn^+i, so in particnlar we conclnde that 
Nq + N + 2qrn < q-nt+l- 

Hence, by the separation property, the above intervals are disjoint. 
Since < x^o < the intervals i?*(xoo + J'i) are disjoint 

from each other and [0, |((q'n^a))) and [1 — {{qmCx)), !)• 

We now prove the hnal claim. Note xi + J'^ = [J'f). Becanse the 

intervals in {R''{J'()Yj^o are {{qn^^ia)) — {{qn^a)) separated, 
is the nniqne element of this orbit segment within {{qn^_ia)) — {{qn^a)) 
of xi + J^. Since d{xoc,X() < {{qn^^ia)) — ((gn^ci)), N is the nniqne 
i G {0,..., qni — 1} snch that R^iJ'i) H (xoo + J^) 7 ^ 0- Since N > 
the hnal claim follows. □ 

Theorem 9.5. T is uniquely ergodic. 

Proof. This is similar to the proof that T is nniqnely ergodic. We will 
ontline the additional considerations that are reqnired. 

Since T is nniqnely ergodic, T has at most two ergodic components, 
each of which project to Lebesgne nnder the projection (x, z, j) h-)■ (a:, i) 
to the hrst two coordinates, and also nnder the projection {x,i,j) h-)■ 
{x,j) to the hrst and third coordinates. If there are two ergodic 
measnres, they mnst be exchanged nnder the involntions {x,i,j) hA 
{x,i + l,j) and {x,i,j) i—)■ {x,i, j + 1), and hence invariant nnder their 
prodnct {x,i + l,j + 1). In fact one of the two measnres mnst be the 
weak-* limit of Lebesgne on = {Uf fl H/) U {Vf fl f/|), and the other 
mnst be the limit of Fi = {Uj fl Uj) U {Vf fl H/). 

The proof now follows as for T, with Sf replaced by 

X Z2 X Z2. 

Note that, as in the beginning of Section 0 we have < qne -2 < 

\qn^-i. Thns by the previons lemma, this set consists of points p snch 
that the orbit of p of length qni -2 is entirely in Ei U Fi^i or entirely in 
F^ U Ei_i. So we may repeat the last half of the proof of Proposition 

[LSI □ 


Birkhoff sums. We now ontline the relevant changes to the proof of 
Theorem 16.11 


To set np context, the appropriate version of Lemma 4.2 is Lemma 


9.4 With this. Theorem 4.4 can be modihed to 


Theorem 9.6. For each integer £ > 1, the following properties hold. 
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(1) Ul contains 

[0) ^((?n^«))) X Z 2 X {0} and [1 - {{qn^a)), 1) x Z 2 x {1}. 

( 2 ) 

\ UU) = uSi-‘-R-( j; + x^). 

We next observe that Lemma 15.41 can be modified to be 


Lemma 9.7. Set g{x) = I/t. For all N > qn^, 


N-l 


= o{N\og{N)) 


and 


i=0 

N-l 


E = 0{nA. 


1=0 


With Lemma |9.4| in mind, we can modify Lemma |5.5 to be 

Lemma 9.8. Set g{x) = 1/x. Let S be an orbit of length qnf, of an 
interval of length {{qntOt)). Assume S is disjoint from [0, |((gn^a))). 

Letx be any point disjoint from R~^{S). Then for all N > q^^ 

N-l 

J29{R'x)xs{R'x) = o{Nlog{N)) 


and 


i=0 

A-l 


J29'iR'x)xs{R^x) = oiNHog{N)"s). 


i=0 


The implied constant does not depend on i. 


We now outline the straightforward modifications to Theorem 6.1 

1 


Let Qm be the points within distance 


M(log(M))l2 


— of the singularities of 


/. Let 


2M+5-\/log(M) 

Bs^{M) = IJ R-\Qm) 

i=0 

2M+5ydogpH) 

u ij R-{x^ + <jr.,+M 

i=0 

y/^ri£-\-lQn^ 

U ‘‘{Xoo + Jf)- 
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The changes to the proof of Claims 1 and 2 are obvious changes to 
the measure estimates. 

Claim 3 requires the most substantive changes. We assume p G 
V^. As before, because of cancellations and our choice of Bs^ we may 
restrict our attention to X{i}(j)(fi'(—a;) — g{.x)). Recall g{x) = ^ 

By Lemma 


9.7 


9.6 


{{*» • 


we may restrict to [0, x Z 2 x {1} which by 

is entirely contained in Vl_^. Then in place of Lemma 


Theorem 

we invoke Lemma 

Claim 4 is analogous to Claim 3. 

The change to Claim 5 is straightforward. 
Claim 6 is straightforward. 


5.5 


This proves the analogue of Theorem 6.1 Since we have already 


proven unique ergodicity of T (Theorem 9.5), mixing for the suspension 
flow now follows as in the previous section for T and /. 

A flow on a surface. Note that the suspension flow over T with roof 
function the constant function 1 is the vertical flow on the surface in 
Figure 9.1 The hrst return map to the union of the four intervals at 


the bottom of the four parallelograms is T. 

This flat surface has 8 cone points, each with angle 47r. This flow 
is away from the cone points. By appropriately slowing down the 
flow near these hxed points-a standard procedure explained in detail 
Section 7]-one can obtain a C°° flow on this surface that has 


CFll 


m 

non-degenerated hxed points at the 8 distinguished points points, and 
such that the hrst return time function h satishes that h — f, h' — /', 
h” — f" are bounded. 

Because Birkhoff sums of a bounded function over orbit segments of 
length N are 0{N), all estimates in this paper hold with / replaced 
with h. Hence the above arguments show that the C°° flow we have 
produced is mixing. 

A saddle connection is a trajectory of the flow that connects sin¬ 
gularities of the flat surface. By the dehnition of the skew product, 
points in 5^ x Z 2 x Z 2 with the same coordinate cannot have that 
their forward orbits intersect. So to show that there does not exist a 
saddle connection, it suffices to show that the forward T orbits each 
element of {x^o — a, x^o + | J| — a, —a, 1 — a-|-|J|}xZ 2 xZ 2 are inhnite 
and distinct. This is straightforward to check that from the construc¬ 
tion. This verihes that the flow does not have saddle connections and 


completes the proof of Theorem 1.1 
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Figure 9.1. Unmarked opposite sides are identified. 
The height and base of each parallelogram is one, and the 
shear is by a. All of the labelled intervals have length \J\, 
and in each parallelogram the second interval is equal to 
the first translated by x^o- 
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